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1 Introduction

This is a course on projective geometry. Probably your idea of geometry in the past
has been based on triangles in the plane, Pythagoras’ Theorem, or something more
analytic like three-dimensional geometry using dot products and vector products. In
either scenario this is usually called Fuclidean geometry and it involves notions like
distance, length, angles, areas and so forth. So what’s wrong with it? Why do we
need something different?

Here are a few reasons:

e Projective geometry started life over 500 years ago in the study of perspective
drawing: the distance between two points on the artist’s canvas does not rep-
resent the true distance between the objects they represent so that Euclidean
distance is not the right concept.

The techniques of projective geometry, in particular homogeneous coordinates,
provide the technical underpinning for perspective drawing and in particular
for the modern version of the Renaissance artist, who produces the computer
graphics we see every day on the web.

e Even in Euclidean geometry, not all questions are best attacked by using dis-
tances and angles. Problems about intersections of lines and planes, for example
are not really metric. Centuries ago, projective geometry used to be called “de-



scriptive geometry” and this imparts some of the flavour of the subject. This
doesn’t mean it is any less quantitative though, as we shall see.

e The Euclidean space of two or three dimensions in which we usually envisage
geometry taking place has some failings. In some respects it is incomplete and
asymmetric, and projective geometry can counteract that. For example, we
know that through any two points in the plane there passes a unique straight
line. But we can’t say that any two straight lines in the plane intersect in a
unique point, because we have to deal with parallel lines. Projective geometry
evens things out — it adds to the Euclidean plane extra points at infinity, where
parallel lines intersect. With these new points incorporated, a lot of geometrical
objects become more unified. The different types of conic sections — ellipses,
hyperbolas and parabolas — all become the same when we throw in the extra
points.

e It may be that we are only interested in the points of good old R? and R? but
there are always other spaces related to these which don’t have the structure of
a vector space — the space of lines for example. We need to have a geometrical
and analytical approach to these. In the real world, it is necessary to deal with
such spaces. The CT scanners used in hospitals essentially convert a series
of readings from a subset of the space of straight lines in R? into a density
distribution.

At a simpler level, an optical device maps incoming light rays (oriented lines)
to outgoing ones, so how it operates is determined by a map from the space of
straight lines to itself.




Projective geometry provides the means to describe analytically these auxiliary
spaces of lines.

In a sense, the basic mathematics you will need for projective geometry is something
you have already been exposed to from your linear algebra courses. Projective ge-
ometry is essentially a geometric realization of linear algebra, and its study can also
help to make you understand basic concepts there better. The difference between
the points of a vector space and those of its dual is less apparent than the difference
between a point and a line in the plane, for example. When it comes to describing the
space of lines in three-space, however, we shall need some additional linear algebra
called exterior algebra which is essential anyway for other subjects such as differential
geometry in higher dimensions and in general relativity. At this level, then, you will
need to recall the basic properties of :

e vector spaces, subspaces, sums and intersections
e linear transformations

e dual spaces

After we have seen the essential features of projective geometry we shall step back
and ask the question “What is geometry?” One answer given many years ago by Felix
Klein was the rather abstract but highly influential statement: “Geometry is the
study of invariants under the action of a group of transformations”. With this point
of view both Euclidean geometry and projective geometry come under one roof. But
more than that, non-Euclidean geometries such as spherical or hyperbolic geometry
can be treated in the same way and we finish these lectures with what was historically
a driving force for the study of new types of geometry — Euclid’s axioms and the
parallel postulate.

2 Projective spaces

2.1 Basic definitions

Definition 1 Let V' be a vector space. The projective space P(V') of V' is the set of
1-dimensional vector subspaces of V.

Definition 2 If the vector space V' has dimension n + 1, then P(V') is a projective
space of dimension n. A 1-dimensional projective space is called a projective line, and
a 2-dimensional one a projective plane.



For most of the course, the field F' of scalars for our vector spaces will be either the
real numbers R or complex numbers C. Our intuition is best served by thinking of
the real case. So the projective space of R"*! is the set of lines through the origin.
Each such line intersects the unit n-sphere S™ = {z € R""! : Y 22 = 1} in two
points +u, so from this point of view P(R"*1) is S" with antipodal points identified.
Since each line intersects the lower hemisphere, we could equally remove the upper
hemisphere and then identify opposite points on the equatorial sphere.

When n = 1 this is just identifying the end points of a semicircle which gives a circle,
but when n = 2 it becomes more difficult to visualize:

If this were a course on topology, this would be a useful starting point for looking at
some exotic topological spaces, but it is less so for a geometry course. Still, it does
explain why we should think of P(R""!) as n-dimensional, and so we shall write it
as P"(R) to make this more plain.

A better approach for our purposes is the notion of a representative vector for a point
of P(V). Any 1-dimensional subspace of V' is the set of multiples of a non-zero vector
v € V. We then say that v is a representative vector for the point [v] € P(V'). Clearly
if A £ 0 then \v is another representative vector so

[Ao] = [u].

Now suppose we choose a basis {vy,...,v,} for V. The vector v can be written

n
v = E Z;U;
=0

and the n + 1-tuple (zo, ..., x,) provides the coordinates of v € V. If v # 0 we write
the corresponding point [v] € P(V) as [v] = [zg, 21, ..., 2,] and these are known as
homogeneous coordinates for a point in P(V'). Again, for A # 0

Az, Ax1, ..., Axy] = [xo, T1, .. ., Xy

Homogeneous coordinates give us another point of view of projective space. Let
Uy C P(V) be the subset of points with homogeneous coordinates [zg,Z1,...,Zy]
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such that xy # 0. (Since if A\ # 0, zy # 0 if and only if Axy # 0, so this is a
well-defined subset, independent of the choice of (zy, ..., z,)). Then, in Uy,

[0, 1, ..., xn] = [To, xo(T1/T0), .. ., xo(Tn/x0)] = [1, (21/20), .. ., (zn/T0)].
Thus we can uniquely represent any point in Uy by one of the form [1,y1,...,yn], so
Uy = F".

The points we have missed out are those for which zy = 0, but these are the 1-
dimensional subspaces of the n-dimensional vector subspace spanned by vy, ..., v,,
which is a projective space of one lower dimension. So, when F = R, instead of
thinking of P"(R) as S™ with opposite points identified, we can write

P*(R)=R"UP"'(R).

A large chunk of real projective n-space is thus our familiar R".

Example: The simplest example of this is the case n = 1. Since a one-dimensional
projective space is a single point (if dim V' = 1, V' is the only 1-dimensional subspace)
the projective line P'(F) = F U pt. Since [z, z;] maps to x1/xo € F we usually call
this extra point [0, 1] the point co. When F' = C, the complex numbers, the projective
line is what is called in complex analysis the extended complex plane C U {oco}.

Having said that, there are many different copies of F" inside P"(F'), for we could
have chosen x; instead of z(, or coordinates with respect to a totally different basis.
Projective space should normally be thought of as a homogeneous object, without
any distinguished copy of F™ inside.

2.2 Linear subspaces

Definition 3 A linear subspace of the projective space P(V') is the set of 1-dimensional
vector subspaces of a vector subspace U C V.

Note that a linear subspace is a projective space in its own right, the projective space
PU).

Recall that a 1-dimensional projective space is called a projective line. We have the
following two propositions which show that projective lines behave nicely:



Proposition 1 Through any two distinct points in a projective space there passes a
unique projective line.

Proof: Let P(V) be the projective space and z,y € P(V) distinct points. Let u,v
be representative vectors. Then u,v are linearly independent for otherwise u = Av
and

r = [u] = [M] = [v] = y.

Let U C V be the 2-dimensional vector space spanned by u and v, then P(U) C P(V)
is a line containing x and y.

Suppose P(U’) is another such line, then u € U’ and v € U’ and so the space spanned
by u,v (namely U) is a subspace of U’. But U and U’ are 2-dimensional so U = U’
and the line is thus unique. |

Proposition 2 In a projective plane, two distinct projective lines intersect in a
unique point.

Proof: Let the projective plane be P(V') where dimV = 3. Two lines are defined
by P(Uy), P(Uy) where Uy, Uy are distinct 2-dimensional subspaces of V. Now from
elementary linear algebra

so that
32 2+2—d1m(UlﬂU2)

and

But since U; and U, are 2-dimensional,
dim(U; NU) <2

with equality if and only if U; = U;. As the lines are distinct, equality doesn’t occur
and so we have the 1-dimensional vector subspace

UNnU, CV

which is the required point of intersection in P(V'). O



Remark: The model of projective space as the sphere with opposite points identified
illustrates this proposition, for a projective line in P?(R) is defines by a 2-dimensional
subspace of R?, which intersects the unit sphere in a great circle. Two great circles
intersect in two antipodal points. When we identify opposite points, we just get one
intersection.

Instead of the spherical picture, let’s consider instead the link between projective lines
and ordinary lines in the plane, using the decomposition

P?(R) = R*U P'(R).

Here we see that the real projective plane is the union of R? with a projective line
PY(R). Recall that this line is given in homogeneous coordinates by xy = 0, so
it corresponds to the 2-dimensional space spanned by (0,1,0) and (0,0,1). Any 2-
dimensional subspace of R? is defined by a single equation

apTo + a1 + asxry = 0

and if a; and ay are not both zero, this intersects Uy = R? (the points where x( # 0)
where
0 = ap + ar(z1/w0) + az(w2/20) = ap + ar1y1 + agys

which is an ordinary straight line in R? with coordinates ¥, .. The projective line
has one extra point on it, where xy = 0, i.e. the point [0, as, —a;]. Conversely, any
straight line in R? extends uniquely to a projective line in P?(R).

Two lines in R? are parallel if they are of the form

ap + a1y1 + azys = 0, bo + a1y1 + azys =0



but then the added point to make them projective lines is the same one: [0, as, —a4],
so the two lines meet at a single point on the “line at infinity” P'(R).

2.3 Projective transformations

If V,W are vector spaces and T : V' — W is a linear transformation, then a vector
subspace U C V gets mapped to a vector subspace T(U) C W. If T has a non-
zero kernel, T'(U) may have dimension less than that of U, but if kerT = 0 then
dimT(U) = dimU. In particular, if U is one-dimensional, so is T'(U) and so T' gives
a well-defined map

T7:P(V)— P(W).

Definition 4 A projective transformation from P(V') to P(W) is the map T defined
by an invertible linear transformation T : V — W.

Note that if A # 0, then AT and T define the same linear transformation since

[((AT)(v)] = MT'(v)] = [T(v)].

The converse is also true: suppose T and T” define the same projective transformation
7. Take a basis {vo,...,v,} for V| then since

T([vi]) = [T"(v:)] = [T'(vi)]
we have
T (v;) = NT(v;)

for some non-zero scalars \; and also

for some non-zero A. But then

n n

Z AT (0) = AT(D ) =T'O vi) = AT (vy).

=0 =0 =0

3

Since T' is invertible, T'(v;) are linearly independent, so this implies A; = A\. Then
T'(v;) = AT'(v;) for all basis vectors and hence for all vectors and so

T = \T.



Example: You are, in fact, already familiar with one class of projective transfor-
mations — Mobius transformations of the extended complex plane. These are just
projective transformations of the complex projective line P!(C) to itself. We de-
scribe points in P'(C) by homogeneous coordinates [z, 21|, and then a projective
transformation 7 is given by

7([20, 21]) = ([azo + bz1, cz0 + d21])

where ad — be # 0. This corresponds to the invertible linear transformation

a b
(7).
It is convenient to write P*(C) = CU{oo} where the point oo is now the 1-dimensional
space z; = 0. Then if z; # 0, [z, 2z1] = [2, 1] and
7([z,1]) = [az + b, cz + d]

and if cz + d # 0 we can write

az+b
cz+d’

7([2,1]) = | 1]

which is the usual form of a Md6bius transformation, i.e.

az+b
cz+d

Z

The advantage of projective geometry is that the point co = [1,0] plays no special
role. If cz 4+ d = 0 we can still write

7([2,1]) = [az + b, cz + d] = [az + b,0] = [1,0]
and if z = oo (i.e. [z0, 21] = [1,0]) then we have
7([1,0]) = [a, c].
Example: If we view the real projective plane P?(R) in the same way, we get some
less familiar transformations. Write P?(R) = R? U P}(R) where the projective line

at infinity is o = 0. A linear transformation 7' : R?* — R3 can then be written as
the matrix

d b by



and its action on [1,x,y| can be expressed, with v = (z,y) € R?, as

'
Vo p v ra AV Te

where A is the 2 x 2 matrix a;; and b, ¢ the vectors (b1, bs), (c2,¢2). These are the
2-dimensional versions of Mdébius transformations. Each one can be considered as a
composition of

e an invertible linear transformation v — Av
e a translation v +— v 4 ¢

e an inversion v — v/(b-v 4 d)

Clearly it is easier here to consider projective transformations defined by 3 x 3 ma-
trices, just ordinary linear algebra.

Example: A more geometric example of a projective transformation is to take two
lines P(U), P(U’) in a projective plane P(V) and let K € P(V') be a point disjoint
from both. For each point x € P(U), the unique line joining K to z intersects P(U’)
in a unique point X = 7(z). Then

7:P(U)— P(U"

is a projective transformation.

To see why, let W be the 1-dimensional subspace of V' defined by K € P(V'). Then
since K does not lie in P(U’), W NU’ = 0. This means that

V=WaU.

Now take a € U as a representative vector for z. It can be expressed uniquely as
a=w+d, withw € W and o’ € U'. The projective line joining K to z is defined
by the 2-dimensional vector subspace of V' spanned by w and a and so @’ = a — w is
a representative vector for 7(x). In linear algebra terms the map a — d' is just the
linear projection map P : V — U’ restricted to U. It has zero kernel since K does
not lie in P(U), and hence WNU = 0. Thus T : U — U’ is an isomorphism and 7 is
a projective transformation.

If we restrict to the points in R?, then this is what this projection from K looks like:
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A linear transformation of a vector space of dimension n is determined by its value on
n linearly independent vectors. A similar statement holds in projective space. The
analogue of linear independence is the following

Definition 5 Let P(V') be an n-dimensional projective space, then n + 2 points in
P(V) are said to be in general position if each subset of n+1 points has representative
vectors in V' which are linearly independent.

Example: Any two distinct points in a projective line are represented by linearly
independent vectors, so any three distinct points are in general position.

Theorem 3 If Xy,..., X2 are in general position in P(V) and Yi,...,Y, 1o are
in general position in P(W), then there is a unique projective transformation T :
P(V)— P(W) such that 7(X;) = Y;, 1 <i<n+2.

Proof: First choose representative vectors vy, ..., v,40 € V for the points X1, ..., X, 19
in P(V'). By general position the first n + 1 vectors are linearly independent, so they
form a basis for V and there are scalars A\; such that

n+1

Un+2 = Z /\ﬂ)i (]_)
i=1

If \; = 0 for some 4, then (1) provides a linear relation amongst a subset of n + 1
vectors, which is not possible by the definition of general position, so we deduce that
A; # 0 for all . This means that each \;v; is also a representative vector for z;, so
(1) tells us that we could have chosen representative vectors v; such that

n+1

Upyo = Z v; (2)
=1

12



Moreover, given v, 9, these v; are unique for

n+1 n+1
E Vi = E HiU;
i=1 i=1
implies p; = 1 since vy, ...,v,.1 are linearly independent.

[Note: This is a very useful idea which can simplify the solution of many problems].

Now do the same for the points Y7, ...Y,, 12 in P(W) and choose representative vectors
such that

n+1
Wpy2 = EE:QUi (3)
i=1
Since vy, ...,v,41 are linearly independent, they form a basis for V so there is a
unique linear transformation 7" : V' — W such that Twv; = w; for 1 <7 < n+1. Since
Wi, ..., Wy are linearly independent, 7" is invertible. Furthermore, from (2) and (3)
n+1 n+1

Tvpyo = E Tv; = E Wi = Wn4-2
i=1 i=1

and so T defines a projective transformation 7 such that 7(X;) = Y; for all n + 2
vectors v;.

To show uniqueness, suppose 17" defines another projective transformation 7" with the
same property. Then T'v; = p;w; and

n+1 n+1
! !
Pn2Wnto = T Vpio = g T'v; = E HiW; .
i=1 i=1

But by the uniqueness of the representation (3), we must have p;/ 12 = 1, so that
T'v; = ppoTv; and 7 = 7. O

Examples:

1. In P*(C) take the three distinct points [0, 1], [1, 1], [1, 0] and any other three distinct
points X7, Xy, X3. Then there is a unique projective transformation taking X, X5, X3
to [0,1],[1,1],[1,0]. In the language of complex analysis, we can say that there is a
unique Mobius transformation taking any three distinct points to 0,1, co.

2. In any projective line we could take the three points [0, 1],[1,1],[1,0] and then
for X, X5, X3 any permutation of these. Now projective transformations of a space
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to itself form a group under composition, so we see that the group of projective
transformations of a line to itself always contains a copy of the symmetric group Ss.
In fact if we take the scalars to be the field Z, with two elements 0 and 1, the only
points on the projective line are [0, 1], [1, 1], [1, 0], and Sj is the full group of projective
transformations.

As an example of the use of the notion of general position, here is a classical theorem
called Desargues’ theorem. In fact, Desargues (1591-1661) is generally regarded as the
founder of projective geometry. The proof we give here uses the method of choosing
representative vectors above.

Theorem 4 (Desarques) Let A, B,C, A’, B', C" be distinct points in a projective space
P(V') such that the lines AA’, BB' CC" are distinct and concurrent. Then the three
points of intersection ABNA'B', BCNB'C', CANC'A" are collinear.

Proof: Let P be the common point of intersection of the three lines AA’, BB', CC".
Since P, A, A’ lie on a projective line and are distinct, they are in general position, so
as in (2) we choose representative vectors p, a,a’ such that
p=a+ad.
These are vectors in a 2-dimensional subspace of V. Similarly we have representative
vectors b, b for B, B" and ¢, ¢ for C,C" with
p=b+lV p=c+c.
It follows that a +a’ = b+ b and so
a—b=0—-d ="
and similarly
b—c=c —-b=d" c—a=d - =10"
But then
d+d" +b =a—-b+b—c+c—a=0
and a”,b”, ¢ are linearly independent and lie in a 2-dimensional subspace of V. Hence
the points A”, B” C” in P(V') represented by a”,b", ¢” are collinear.

Now since ¢’ = a — b, ¢ lies in the 2-dimensional space spanned by a and b, so C”
lies on the line AB. Since ¢’ also equals b’ — a/, C” lies on the line A’B’ and so ¢’
represents the point AB N A’B’. Repeating for B” and A” we see that these are the
three required collinear points. O
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Desargues’ theorem is a theorem in projective space which we just proved by linear
algebra — linear independence of vectors. However, if we take the projective space
P(V) to be the real projective plane P?(R) and then just look at that part of the
data which lives in R?, we get a theorem about perspective triangles in the plane:

Here is an example of the use of projective geometry — a “higher form of geometry”
to prove simply a theorem in R? which is less accessible by other means. Another
theorem in the plane for which these methods give a simple proof is Pappus’ theorem.
Pappus of Alexandria (290-350) was thinking again of plane Euclidean geometry, but
his theorem makes sense in the projective plane since it only discusses collinearity
and not questions about angles and lengths. It means that we can transform the
given configuration by a projective transformation to a form which reduces the proof
to simple linear algebra calculation:

Theorem 5 (Pappus) Let A, B,C and A’, B',C" be two pairs of collinear triples of
distinct points in a projective plane. Then the three points BC'NB'C,CA'NC'A, AB'N
A’'B are collinear.

Proof: Without loss of generality, we can assume that A, B,C’, B’ are in general
position. If not, then two of the three required points coincide, so the conclusion is
trivial. By Theorem 3, we can then assume that

A=11,0,0, B=[0,1,0], C'=10,0,1, B =][1,1,1].

The line AB is defined by the 2-dimensional subspace {(zg, z1,22) € F? : 25 = 0}, so
the point C', which lies on this line, is of the form C' = [1,¢, 0] and ¢ # 0 since A # C.
Similarly the line B'C" is g = x1, so A’ =[1,1, a] with a # 1.
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The line BC" is defined by 2o = 0 and B’C' is defined by the span of (1,1,1) and
(1,¢,0), so the point BC'" N B’C' is represented by the linear combination of (1,1,1)
and (1, ¢,0) for which zo =0, i.e.

(1,1,1) — (1,¢,0) = (0,1 — ¢, 1).
The line C'A is given by x1 = 0, so similarly C A’ N C’A is represented by
(1,¢,0) —¢(1,1,a) = (1 — ¢,0,—ca).
Finally AB’ is given by x; = x5, so AB'N A'B is
(1,1,a) + (a—1)(0,1,0) = (1, a,a).

But then
(c—1)(1,a,a)+ (1 —¢,0,—ca) +a(0,1 —¢,1) = 0.

Thus the three vectors span a 2-dimensional subspace and so the three points lie on
a projective line. O

2.4 Duality

Projective geometry gives, as we shall see, a more concrete realization of the linear
algebra notion of duality. But first let’s recall what dual spaces are all about. Here
are the essential points:

e Given a finite-dimensional vector space V over a field F, the dual space V' is
the vector space of linear transformations f: V — F.
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e If vy,...,v, is a basis for V, there is a dual basis f1,...f, of V' characterized
by the property f;(v;) =11if i = j and f;(v;) = 0 otherwise.

o If T :V — W is alinear transformation, there is a natural linear transformation

T : W' — V' defined by T" f(v) = f(T).

Although a vector space V and its dual V' have the same dimension there is no
natural way of associating a point in one with a point in the other. We can do so
however with vector subspaces:

Definition 6 Let U C V' be a vector subspace. The annihilator U° C V' is defined
byU°={feV': f(u)=0 for allu e U}.

The annihilator is clearly a vector subspace of V' since f(u) = 0 implies Af(u) =0
and if also g(u) = 0 then (f + g)(u) = f(u) + g(u) = 0. Furthermore, if U; C U, and
f(u) =0 for all u € Uy, then in particular f(u) = 0 for all u € Uy, so that

Us C UY.
We also have:
Proposition 6 dimU + dimU° = dim V.
Proof: Let uq,...,u,, be a basis for U and extend to a basis w1, ..., Uy, V1, ..., Vn_m

of V. Let fi,..., f, be the dual basis. Then for m+1 <1i <n, f;(u;) =0so f; € U°.
Conversely if f € U, write
f= Zcifi
i=1

Then 0 = f(u;) = ¢;, and so f is a linear combination of f; for m + 1 < i <n. Thus
fmtty .-+, fn is a basis for U° and

dimU +dimU°=m+n—m=n=dimV.

|

If we take the dual of the dual we get a vector space V”, but this is naturally isomor-
phic to V itself. To see this, define S : V — V" by



This is clearly linear in v, and ker S is the set of vectors such that f(v) = 0 for all
f, which is zero, since we could extend v = vy to a basis, and fi(v;) # 0. Since
dimV = dimV’, S is an isomorphism. Under this transformation, for each vector
subspace U C V, S(U) = U°. This follows since if u € U, and f € U°

Su(f) = f(u) =0

so S(U) C U°. But from (6) the dimensions are the same, so we have equality.

Thus to any vector space V' we can naturally associate another vector space of the
same dimension V', and to any projective space P(V) we can associate another one
P(V"). Our first task is to understand what a point of P(V’) means in terms of the
original projective space P(V).

From the linear algebra definition of dual, a point of P(V’) has a non-zero represen-
tative vector f € V’. Since f # 0, it defines a surjective linear map

f:V—=F

and so

dimker f =dimV —dim FF =dimV — 1.

If A # 0, then dimker \f = dim ker f so the point [f] € P(V’) defines unambiguously
a vector subspace U C V of dimension one less than that of V| and a corresponding
linear subspace P(U) of P(V).

Definition 7 A hyperplane in a projective space P(V') is a linear subspace P(U) of
dimension dim P(V) — 1 (or codimension one).

Conversely, a hyperplane defines a vector subspace U C V' of dimension dim V' — 1,
and so we have a 1-dimensional quotient space V/U and a surjective linear map

T:V-=V/U
defined by 7(v) = v+ U. If v € V/U is a non-zero vector then
m(v) = f(v)v

for some linear map f:V — F, and then U = ker f. A different choice of v changes
f to Af, so the hyperplane P(U) naturally defines a point [f] € P(V’). Hence,

Proposition 7 The points of the dual projective space P(V') of a projective space
P(V)) are in natural one-to-one correspondence with the hyperplanes in P(V').
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The surprise here is that the space of hyperplanes should have the structure of a
projective space. In particular there are linear subspaces of P(V’) and they demand
an interpretation. From the point of view of linear algebra, this is straightforward:
to each m + 1-dimensional vector subspace U C V of the n + 1-dimensional vector
space V' we associate the n — m-dimensional annihilator U° C V’. Conversely, given
W C V' take W° C V" then W° = S(U) for some U and since S(U) = U, it follows
that
W =U0U°.

Thus taking the annihilator defines a one-to-one correspondence between vector sub-
spaces of V and vector subspaces of V/. We just need to give this a geometrical
interpretation.

Proposition 8 A linear subspace P(W) C P(V') of dimension m in a dual projective
space P(V') of dimension n consists of the hyperplanes in P(V') which contain a fized
linear subspace P(U) C P(V') of dimension n —m — 1.

Proof: As we saw above, W = U? for some vector subspace U C V so f € W is
a linear map f : V — F such that f(U) = 0. This means that U C ker f so the
hyperplane defined by f contains P(U). O

A special case of this is a hyperplane in P(V’). This consists of the hyperplanes in
P(V) which pass through a fixed point X € P(V), and this describes geometrically
the projective transformation defined by S

P(V) = P(V").

All these features are somewhat clearer in low dimensions. A hyperplane in a pro-
jective line is just a point, so there is a natural isomorphism P(V) = P(V’) here
and duality gives nothing new. In a projective plane however, a hyperplane is a line,
so P(V') is the space of lines in P(V'). The space of lines passing through a point
X € P(V) constitutes a line X° in P(V’). Given two points X,Y there is a unique
line joining them. So there must be a unique point in P(V’) which lies on the two lines
X° Y°. Duality therefore shows that Proposition 2 is just the same as Proposition 1,
if we apply the latter to the dual projective plane P(V").
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Here is another example of dual configurations:

three collinear points three concurrent lines

In general, any result of projective geometry when applied to the dual plane P(V’) can
be reinterpreted in P(V') in a different form. In principle then, we get two theorems
for the price of one. As an example take Desargues’ Theorem, at least in the way
we formulated it in (4). Instead of applying it to the projective plane P(V'), apply
it to P(V'). The theorem is still true, but it says something different in P(V'). For
example, our starting point in P(V’) consists of seven points, which now become
seven lines in P(V'). So here is the dual of Desargues’ theorem:

Theorem 9 (Desarques) Let «, 3,v,a/, 3~ be distinct lines in a projective plane
P(V) such that the points aN o', BNG, vyN~" are distinct and collinear. Then the
lines joining a NG, &’ NG and N, 504 and yNa,v Na' are concurrent.

Here the dual theorem starts with three points lying on a line and ends with three
lines meeting in a point — looked at the right way, we have the converse of Desargues’
Theorem.

Now look at Pappus’ theorem. Instead of two triples of collinear points, the dual
statement of the theorem gives two triples of concurrent lines «, 3, passing through
A and o/, 3',+ passing through A’. Define B on «a to be anN~’ and C to be anN .
Define B on o to be o/ N 3 and C’ to be o/ N 7.

The dual of Pappus says that the lines joining {0+, ' Ny} {yNd/ ;v Na},{an
',/ N B} are concurrent at a point P. By definition of B, B', C, C’, the last two are
{BC", B'C'}, which therefore intersect in P. Now A lies on § and by definition so
does B’ so (3 is the line AB’. Similarly A’B is the line 4/. Likewise A lies on ~ and
by definition so does C” so AC" is v and A'C'is f'.

Thus the intersection of {AB’, A’B} is # N~ and the intersection of {AC", A'C'} is
(' N ~. The dual of Pappus’ theorem says that the line joining these passes through
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P, which is the intersection of { BC’, B'C'}. These three points are thus collinear and
this is precisely Pappus’ theorem itself.

Finally, we can use duality to understand something very down-to-earth — the space
of straight lines in R?. When we viewed the projective plane P?(R) as R*UP(R) we
saw that a projective line not equal to the line at infinity P'(R) intersected R? in an
ordinary straight line. Since we now know that the lines in P?(R) are in one-to-one
correspondence with another projective plane — the dual plane — we see that we only
have to remove a single point from the dual plane, the point giving the line at infinity,
to obtain the space of lines in R2. So in the sphere model, we remove the north and
south poles and identify antipodal points.

Concretely parametrize the sphere in the usual way:
1 = sin @ sin ¢, o = sin @ cos ¢, x3 = cosf

then with the poles removed the range of values is 0 < 6 < m, 0 < ¢ < 2w. The
antipodal map is
0—m—0, p— ¢+ .

We can therefore identify the space of lines in R? as the pairs
(0,¢) € (0,m) x [0, 7]

where we identify (0,0) with (7 — 6, 7):

and this is the Mobius band.
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2.5 Exercises
1. Let Uy, Uy and Us be the 2-dimensional vector subspaces of R? defined by
330:0, $0+£U1—|—$2:0, 31‘0—4$1+5$2:0

respectively. Find the vertices of the “triangle” in P?(R) whose sides are the projec-
tive lines P(Uy), P(Us), P(Us).

2. Let Uy, Uy be vector subspaces of V. Show that the linear subspace
PU, +Uy) C P(V)

is the set of points obtained by joining each X € P(U;) and Y € P(U,) by a projective
line.

3. Prove that three skew (i.e. non-intersecting) lines in P?(R) have an infinite number
of transversals (i.e. lines meeting all three).

4. Find the projective transformation 7 : P!(R) — P!(R) for which
7[0,1] = [1,0], 71,0/ =[1,1],  7[1,1] =[0,1]
and show that 73 = id.

5. Let T : V — V be an invertible transformation. Show that if v € V is an
eigenvector of T, then [v] € P(V) is a fixed point of the projective transformation 7
defined by T. Prove that any projective transformation of P?(R) has a fixed point.

6. Let V be a 3-dimensional vector space with basis vy, ve,v3 and let A, B,C' € P(V)
be expressed in homogeneous coordinates relative to this basis by

A=[21,0, B=[0,11, C=[-1,1,2.

Find the coordinates with respect to the dual basis of the three points in the dual
space P(V’) which represent the lines AB, BC' and C'A.
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3 Quadrics

3.1 Quadratic forms
The projective geometry of quadrics is the geometrical version of the part of linear

algebra which deals with symmetric bilinear forms — the generalization of the dot
product a - b of vectors in R®. We recall:

Definition 8 A symmetric bilinear form on a vector space V is a map B : VXV — F
such that

e B(v,w) = B(w,v)

o B(A\vy 4+ Avg, w) = A B(vy, w) + A\ B(vg, w)

The form is said to be nondegenerate if B(v,w) =0 for allw € V implies v = 0.

If we take a basis vq,...,v, of V, then v = Y. ;v;, and w = ), y;v; so that
B(v,w) = Z B(v;, vj)zy;
2%
and so is uniquely determined by the symmetric matrix §;; = B(v;, v;). The bilinear
form is nondegenerate if and only if 3;; is nonsingular.
We can add symmetric bilinear forms: (B+C')(v,w) = B(v, w)+C(v, w) and multiply

by a scalar (AB)(v, w) = AB(v,w) so they form a vector space isomorphic to the space
of symmetric n X n matrices which has dimension n(n + 1)/2. If we take a different

basis
w; = E F)jﬂ}j
J

then
B(w;,w;) = B( g Privy, g Pyivg) = g Py B(vg, ve) Py
% ¢ et

so that the matrix §;; = B(v;,v;) changes under a change of basis to

g = PTgP.
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Most of the time we shall be working over the real or complex numbers where we can
divide by 2 and then we often speak of the quadratic form B(v,v) which determines
the bilinear form since

B(v+w,v+w) = B(v,v) + B(w,w) + 2B(v,w)
Here we have the basic result:

Theorem 10 Let B be a quadratic form on a vector space V' of dimension n over a
field F'. Then

o if = C, there is a basis such that if v =", zv;

B(v,v) = sz

=1

o if =R, there is a basis such that

p q

B(v,v) = sz - ZZJZ

i=1 i=j
If B is nondegenerate then m =n = p + q.

Proof: The proof is elementary — just completing the square. We note that changing
the basis is equivalent to changing the coefficients x; of v by an invertible linear
transformation.

First we write down the form in one basis, so that
B(U, ’U) = Z ﬁijxixj
i7j

and ask: s there a term 3; # 07. If not, then we create one. If the coefficient of x;z;
is non-zero, then putting y; = (x; + z;)/2,y; = (x; — z;)/2 we have
%%:ﬁ—ﬁ
and so we get a term ], # 0.
If there is a term (3;; # 0, then we note that
1

3, (Buzr + - . + Bintn)® = Buxi + 2 Z Bixxrr; + R

ki
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where R involves the xp with k # i. So if

Y = ﬁﬂl‘l + ...+ ﬁinxn

then X
B(v,v) = —y,? + By

i
where Bj is a quadratic form in the n — 1 variables xy, k # 1.

We now repeat the procedure to find a basis such that if v has coefficients y1, ..., y,,
then

B(v,v) = Z ciyy-
i=1

Over C we can write z; = /c;y; and get a sum of squares and over R we put
zi = +/|cily; to get the required expression. O

Example: Consider the quadratic form in R?:
B(v,v) = x129 + 2273 + 2371.

We put
y1 = (21 + 22)/2, Yo = (w1 — 12)/2

to get
B(v,v) = yi — y5 + 23(2y1).
Now complete the square:

B(v,v) = (y1 + x3)* — y3 — 3

so that with z; = y; + o3, 20 = Y2, y3 = x3 we have p =1,q = 2.

3.2 Quadrics and conics

Definition 9 A quadric in a projective space P(V') is the set of points whose rep-
resentative vectors satisfy B(v,v) = 0 where B is a symmetric bilinear form on V.
The quadric is said to be nonsingular if B is nondegenerate. The dimension of the
quadric is dim P(V') — 1.
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A quadric in a projective line is either empty or a pair of points. A quadric in a
projective plane, a one-dimensional quadric, is called a conic.

Note that bilinearity of B means that B(Av, A\v) = A2B(v,v) so that the set of points
[v] € P(V) such that B(v,v) = 0 is well-defined. Also, clearly B and AB define the
same quadric. The converse is not true in general, because if /' = R and B is positive
definite, then B(v,v) = 0 implies v = 0 so the quadric defined by B is the empty
set. A little later we shall work over the complex numbers in general, as it makes life
easier. But for the moment, to get some intuition, let us consider conics in P*(R)
which are non-empty, and consider the intersection with R? C P?(R) defined by the
points [xo, z1, 9] such that xzy # 0. Using coordinates = x1/x,y = x3/x this has
the equation
Bux® + 28122y + Pasy® + 26012 + 2802y + Boo = 0.

Examples:

1. Consider the hyperbola xy = 1:

Hyperbola

In P?(R) it is defined by the equation
T1X9 — ZB(Q) =0

and the line at infinity xyp = 0 meets it where z;2o = 0 i.e. at the two points
0,1,0],[0,0,1].

Now look at it a different way: as in Theorem 10 we rewrite the equation as

(%(m + 29))? — (%(ml —19)) — :L‘(Q) =0
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and then if 21 + x5 # 0, we put

1 — T2 2[E0

) Y2 =
$1+I2 ZL’1+I2

h =

and the conic intersects the copy of R* C P?(R) (the complement of the line z; +z5 =
0) in the circle
ity =1

The original line at infinity o = 0 meets this in y, = 0:

So a projective transformation allows us to view the two branches of the hyperbola
as the two semicircles on each side of the line at infinity.

2. Now look at the parabola y = 2.

Parabola

The equation in homogeneous coordinates is
Tolg = ZL‘%

and the line zy = 0 meets it in one point [0, 0, 1]. In projective space it still looks like
a circle, but the single branch of the parabola is the complement of the point where
the line at infinity meets the circle tangentially:
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Thus the three different types of conics in R? — ellipses, hyperbolas and parabolas —
all become circles when we add in the points at infinity to make them sit in P?(R).

3.3 Rational parametrization of the conic

Topologically, we have just seen that the projective line P!(R) and a conic in P*(R)
are both homeomorphic to a circle. In fact a much stronger result holds over any

field.

Theorem 11 Let C be a nonsingular conic in a projective plane P(V') over the field
F, and let A be a point on C. Let P(U) C P(V) be a projective line not containing
A. Then there is a bijection

a:PU)—C

such that, for X € P(U),the points A, X, a(X) are collinear.

Proof: Suppose the conic is defined by the nondegenerate symmetric bilinear form
B. Let a € V be a representative vector for A, then B(a,a) = 0 since A lies on the
conic. Let © € P(U) be a representative vector for X € P(U). Then a and x are
linearly independent since X does not lie on the line P(U). Extend a,z to a basis
a,x,y of V.

Now B restricted to the space spanned by a,x is not identically zero, because if it
were, the matrix of B with respect to this basis would be of the form

0 0 =
0 0 =
* k%

which is singular. So at least one of B(x,z) and B(a,x) is non-zero.
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Any point on the line AX is represented by a vector of the form Aa + px and this lies
on the conic C' if

0 = B(\a + px, Aa + px) = 22 uB(a, z) + p* B(x, ).

When p = 0 we get the point X. The other solution is 2AB(a, z) + pB(z,z) = 0 i.e.
the point with representative vector

w = B(x,x)a — 2B(a,x)z (4)
which is non-zero since the coefficients are not both zero.

We define the map o : P(U) — C by

which has the collinearity property of the statement of the Theorem. If Y € C is
distinct from A, then the line AY meets the line P(U) in a unique point, so a~! is
well-defined on this subset. By the definition of o in (4), a(X) = A if and only if
B(a,x) = 0. Since B is nonsingular f(z) = B(a, z) is a non-zero linear map from V
to F" and so defines a line, which meets P(U) in one point. Thus « has a well-defined
inverse and is therefore a bijection. a

Remark: There is a more invariant way of seeing this map by using duality. The
line A° in P(V") is dual to the point A. Each point Y € A° defines a line Y in P(V)
through A which intersects the conic C' in a second point «(Y). What we do in the
more concrete approach of the theorem is to compose this natural bijection with the
projective transformation A — P(U) defined by Y — Y° N P(U).
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Example: Consider the case of the conic
x4+ 2t — a5 =0.

Take A = [1,0,1] and the line P(U) defined by z¢p = 0. Note that this conic and the
point and line are defined over any field since the coefficients are 0 or 1.

A point X € P(U) is of the form X = [0,1,¢] or [0,0, 1] and the map « is

a([0,1,4) = [B((0,1,1),(0,1,£))(1,0,1) — 2B((1,0,1), (0,1,£))(0, 1,1)]
= [1—#2t,1+ %

or «([0,0,1]) = [-1,0,1].
This has an interesting application if we use the field of rational numbers F' = Q.

Suppose we want to find all right-angled triangles whose sides are of integer length.
By Pythagoras, we want to find positive integer solutions to

But then [z,y, z] is a point on the conic. Conversely, if [xg, 21, z5] lies on the conic,
then multiplying by the least common multiple of the denominators of the rational
numbers zg, 1, T2 gives integers such that [z, y, z] is on the conic.

But what we have seen is that any point on the conic is either [—1, 0, 1] or of the form
[z,y,2] = [1 —t*,2t,1 + 7]
for some rational number ¢ = p/q, so we get all integer solutions by putting
r=q¢ —p’, y=2pq, z=q¢+p"

For example, p = 1,q = 2 gives 32 + 42 = 5% and p = 2, ¢ = 3 gives 5% + 122 = 132

One other consequence of Theorem 11 is that we can express a point (z,y) on the
general conic
az® +bry+cy’ +dr+ey+ f=0

in the form
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where p, ¢ and r are quadratic polynomials in ¢. Writing x, y as rational functions of ¢
is why the process we have described is sometimes called the rational parametrization
of the conic. It has its uses in integration. We can see, for example, that

/ dx
z+Vax?+bxr+c

can be solved by elementary functions because if y = x + vax? + bx + ¢ then

(y—2)*—az? —br—c=0

and this is the equation of a conic. We can solve it by = = p(t)/r(t),y = q(t)/r(t)
and with this substitution, the integral becomes

/ r(e)p(t) — ' (Or() ,
q(t)r(t)

and expanding the rational integrand into partial fractions we get rational and loga-
rithmic terms after integration.

t

3.4 Polars

We used a nondegenerate symmetric bilinear form B on a vector space V' to define
a quadric in P(V') by the equation B(v,v) = 0. Such forms also define the notion of
orthogonality B(v,w) = 0 and we shall see next what geometrically this corresponds
to. First the linear algebra: given a subspace U C V we can define its orthogonal
subspace U+ by

Ut ={veV:B(uv)=0foral ueU}.

Note that unlike the Euclidean inner product, U and U+ can intersect non-trivially
— indeed a point with representative vector v lies on the quadric if it is orthogonal to
itself. Note also that U~ is the same if we change B to \B.

Orthogonal subspaces have a number of properties:

o U = (UJ_)J_
o if U} C U,, then Uj C Ut

e dimUt +dimU = dimV
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These can be read off from the properties of the annihilator U® C V’, once we realize
that a nondegenerate bilinear form on V' defines an isomorphism between V' and its
dual V', This is the map B(v) = f, where

fo(w) = B(v,w).

The map 3 : V — V' defined this way is obviously linear in v and has zero kernel since
B(v) = 0 implies B(v,w) = 0 for all w which means that v = 0 by nondegeneracy.
Since dim V' = dim V', (3 is therefore an isomorphism, and one easily checks that

BUL) = Ue.

Definition 10 If X € P(V) is represented by the one-dimensional subspace U C V,
then the polar of X is the hyperplane P(UL) C P(V).

At this stage, life becomes much easier if we work with the field of complex numbers
F = C. We should retain our intuition of conics, for example, as circles but realize
that these really are just pictures for guidance. It was Jean-Victor Poncelet (1788-
1867) who first systematically started to do geometry over C (he was also the one to
introduce duality) and the simplifications it affords are really worthwhile. Poncelet’s
work on projective geometry began in Russia. As an officer in Napoleon’s army, he
was left for dead after the battle of Krasnoe, but was then found and spent several
years as a prisoner of war, during which time he developed his mathematical ideas.

We consider then a complex projective plane P(V') with a conic C' C P(V) defined
by a non-degenerate symmetric bilinear form B. A tangent to C'is a line which meets
C at one point.

Proposition 12 Let C be a nonsingular conic in a complex projective plane, then
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e cach line in the plane meets the conic in one or two points
o if P € (), ils polar line is the unique tangent to C passing through P
o if P& C, the polar line of P meets C' in two points, and the tangents to C at

these points intersect at P.

Proof: Let U C V be a 2-dimensional subspace defining the projective line P(U)
and let u, v be a basis for U. Then the point [Au + pv] lies on the conic if

0 = B(Mu + pv, \u + pv) = N B(u,u) + 2AuB(u,v) + p?B(v,v) (5)
Over the complex numbers this can be factorized as
0= (aX —bu)(a'\— V')
giving the two (possibly coincident) points of intersection of the line and the conic
[bu + av], [b'u+ a'v].
Suppose the point P lies on C, and let u be a representative vector for P, so that

B(u,u) = 0. Then any line through P is P(U) where U is spanned by v and v. Then
from (5) the points of intersection are given by

2A\uB(u,v) + p*B(v,v) = 0.

If the only point of intersection is [u] then p = 0 is the only solution to this equation
which means that B(u,v) = 0. Since any vector w € U is a linear combination of u
and v and B(u,u) = B(u,v) = 0 this means B(u,w) = 0 and P(U) is the polar line
of X.

From the above, if P does not lie on C, its polar must meet C' in two distinct points
with representative vectors vy, v9. We then have

B(u,v1) = 0= B(vy,v1) (6)

Since B(u,u) # 0 and B(vi,v1) = 0, u and v; are linearly independent and span a
2-dimensional space U;. From (6) P(U;) is the polar of [v;] € C' and hence is the
tangent to C' at [vy]. Similarly for [vs]. O
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The picture to bear in mind is the following real one, but even that does not tell the
full story, since if P is inside the circle, its polar line intersects it in two complex
conjugate points, so although we can draw the point and its polar, we can’t see the
two tangents.

pokirof P
/
‘ F

| )

Quadrics are nonlinear subsets of P(V') but they nevertheless contain many linear
subspaces. For example if Q C P(V) is a nonsingular quadric, then P(U) C @ if and
only if B(u,u) =0 for all v € U. This implies

2B(u1,u2) = B(Ul +U2,U1 + Ug) — B(U1,u1) — B(UQ,UQ) =0

and hence
UcU*.

Since

dimU +dim U+ = dimV

this means that
2dimU < dimU + dim U™+ = dim V.

In fact, over C the maximum value always occurs. If dim V' = 2m, then from Theorem
10 there is a basis in which B(v,v) can be written as

ol b a5 4. s = () +ime) (@) — im2) + .. (Dot + %o ) (Tom_1 — iTom)
and so if U is defined by
$1—i$2:$3—i$4:...:.CCQm,l—Z'.Z'Qm:O,

then dimU = dim V/2 and U C U+ so U = U*+. Over R this occurs when p = ¢ = m
and the form can be reduced to

2 2 2 2
ris N S A R (D
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We can see this in more detail for the quadric surface

2 2 2 2

in P3(R). This intersects the copy of R?* C P?(R) defined by x4 # 0 in the hyper-
boloid of revolution
PP —2=1

where x = z5/x4,y = x3/24, 2 = 21 /4. This is the usual “cooling tower” shape

There are two one-parameter families of lines in the quadric given by:

Mry —22) = plzs —24)
(@ +x2) = Aws + 24)

and

Az —x2) = pwlas + z4)
p(ry +x2) = Mxs — z4).

In fact these two families of lines provide “coordinates” for the projective quadric:
the map
F:P'R)x P'R)—Q

defined by
F([ug, w1, [vo, v1]) = [wovo + w11, w101 — ugvg, U + uqvg, UV — Ug |

is a bijection.

3.5 Pencils of quadrics
The previous sections have dealt with the geometrical interpretation of a symmetric

bilinear form. Now we look at the theory behind a pair of bilinear forms and we shall
see how the geometry helps us to determine algebraic properties of these.
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We saw in Theorem 10 that over C, any quadratic form B can be expressed in some
basis as
B(v,v) = a5 + ...+ 22,

In particular the matrix of B is diagonal (actually the identity matrix). If we have a
pair A, B of symmetric bilinear forms we ask whether we can simultaneously diago-
nalize them both. The answer is:

Proposition 13 Let a, 3 be symmetric n X n matrices with complex entries, and
suppose « is non-singular. Then if the equation det(Aa — ) = 0 has n distinct
solutions Ay, ..., A\, there is an invertible matriz P such that

PTapP =1, PTBP = diag(\1, ..., \n).

Proof: From Theorem 10 we can find an invertible matrix @ such that Q7 aQ = I.
Write 8" = QT 5Q, so that /3’ is also symmetric. Then

det Q7 det(A\ar — ) det Q = det(QT (A\a — B)Q) = det(A — 3')

and so the roots of det(Aa — [3) = 0 are the eigenvalues of 3’. By assumption these
are distinct, so we have a basis of eigenvectors vy, ..., v, with eigenvalues \,..., \,.

If v = (z1,...,2,) and vy, = (y1,...,y,) then

MDD wiyi = By =Y By = \e Y Ty
i 0 0 i

and since Ay # A\, we have
Z z;y; = 0.

Thus vy, and vy are orthogonal if k£ # ¢. We also must have (v;, v;) # 0 since otherwise

v; is orthogonal to each element of the basis vy, ..., v,, so we can write
1
w; = ———;
(via Ui)

and obtain an orthonormal basis. With respect to this basis, 4’ is diagonal so if R
is the invertible matrix defining the change of basis, RT 'R = diag(A1,...,\,) and
RTR = I. Putting P = QR we get the result. O

Now let us try and set this in a geometric context. Let A, B be symmetric bilinear
forms on a complex vector space V' which define different quadrics ) and @’. Then
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Definition 11 The pencil of quadrics in P(V) generated by @ and Q' is the set of
quadrics defined by NA + uB where (A, 1) # (0,0).

Another way of saying this is to let SV denote the vector space of symmetric bilinear
forms on V', in which case a pencil of quadrics is a line in P(SV') — a family of quadrics
parametrized by a projective line. The singular quadrics in this pencil are given by
the equation det(Aa+ ) = 0. If o is nonsingular then for a solution to this equation
1 # 0, and so under the hypotheses of the proposition, we can think of the points
[\, —1] € P'(C) as defining n singular quadrics in the pencil. The geometry of this
becomes directly visible in the case that P(V') is a plane. In this case a singular
quadric has normal form % or z% + z32 = (2, —iz)(x1 +ix3) and so is either a double

line or a pair of lines.

Theorem 14 Let C' and C' be nonsingular conics in a complex projective plane and
assume that the pencil generated by C and C" contains three singular conics. Then

e the pencil consists of all conics passing through four points in general position

e the singular conics of the pencil consist of the three pairs of lines obtained by
joining disjoint pairs of these four points

e cach such pair of lines meets in a point with representative vector v; where
{v1,v9,v3} is a basis for V relative to which the matrices of C and C' are
stmultaneously diagonalizable.

Proof: The proof consists of reducing to normal form and calculating. Since by
hypothesis there are three singular conics in the pencil, Proposition 13 tells us that
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there is a basis in which the two conics are defined by bilinear forms A, B with
equations:
e+ ry+a5=0,  M\a:+ Xxs + N33 =0

and we directly find the points of intersection are the four points

[V A2 — A3, £/ A3 — A, /A — Ay

where we fix one choice of square root of Ay — A\3. To show that these are in general
position we need to show that any three are linearly independent, but, for example

Vd—Ad3 Vads—XM VA=A
det [ Via— A —vVA—AM VA =X | =4V = v — AV — A
VAd— A3 —VAs—A VA — X

and since the )\; are distinct this is non-zero.

Now clearly if [u] is one of these four points A(u,u) = 0, B(u,u) = 0 and so (A +
uB)(u,u) = 0, and every conic in the pencil passes through them. Conversely by
Theorem 3 we can take the points to be

[1,0,0],[0,1,0],[0,0,1], 1,1, 1].

The conics which pass through these points have matrices 3;; where

P11 = Paz = B33 = Bia + Pz + P31 =0 (7)
The vector space of symmetric 3 x 3 matrices is of dimension 6 spanned by
1 00 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
000,01 0)],1]0 0 O 1 0 0}),{0 0 O},({0 O 1
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0

and the four equations (7) are linearly independent, so define a 2-dimensional space
of bilinear forms spanned by A and B — this is the pencil.

We need to understand the singular quadrics in the pencil, for example
But this factorizes as

(\/ )\1 — /\2272 — \/)\3 — )\1I3)(\/)\1 — )\2132 + \ )\3 - )\1%3) =0.
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These two lines, by belonging to the pencil, pass through the points of intersection,
but since those points are in general position, each line passes through only two of
them, so these are the required pairs of lines.

The intersection of /A1 — Aaxa — VA3 — A\jz3 = 0 and VA1 — Ao + VA3 — ANz =0
is [1,0,0], which is the first basis vector in which the two conics are diagonalized.
Similarly the other two pairs of lines give the remaining basis vectors. O

This geometrical approach tells us when two symmetric bilinear forms in three vari-
ables can and can not be simultaneously diagonalized. If the values \; are not all
distinct, and the two forms can be simultaneously diagonalized, then they are either
multiples of each other or are of the form

$§+x§+$§:0, )\x%%—x%%—z%:&

In this case the two conics intersect where x; = 0, x9 = +ix3, i.e. at two points:

The non-diagonalizable case is where the intersection is at an odd number of points:

3.6 Exercises

1. Which of the following quadratic forms defines a non-singular conic?
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o 12— 2x0w1 + dwoTy — 877 + 27179 + 375

° x% — 2x971 + x% — 2T9x>.

2. Take five points in a projective plane such that no three are collinear. Show that
there exists a unique non-singular conic passing through all five points.

3. Let C be a non-singular conic in a projective plane P(V'). Show that if X € P(V)
moves on a fixed line ¢, then its polar passes though a fixed point Y. What is the
relationship between the point Y and the line ¢7

4. Let 7 : PY(R) — P}(R) be a projective transformation and consider its graph
I, c P'(R) x P'(R)

ie. I, = {(X,Y) : Y = 7(X)}. Using the one-to-one correspondence between
P(R) x PY(R) and a quadric surface in P3(R), show that I'; is the intersection of
the quadric surface with a plane.

5. Prove that if L CV and M C V are vector subspaces of the same dimension then

dim(L N M) = dim(L* N M).

6. Show that the two quadratic forms

2 £ oy? 22 2?4+ y? —yz

cannot be simultaneously diagonalized.
7. Let P°(R) = P(RP®) be the space of all conics in P?(R). Show that the conics
which pass through three non-collinear points form a projective plane P(V) C P?(R).

Show further that the conics parametrized by this plane and which are tangent to a
given line form a conic in P(V).

8. Prove that the set of tangent lines to a nonsingular conic in P(V') is a conic in the
dual space P(V’).
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4 Exterior algebra

4.1 Lines and 2-vectors

The time has come now to develop some new linear algebra in order to handle the
space of lines in a projective space P(V'). In the projective plane we have seen that
duality can deal with this but lines in higher dimensional spaces behave differently.
From the point of view of linear algebra we are looking at 2-dimensional vector sub-
spaces U C V.

To motivate what we shall do, consider how in Euclidean geometry we describe a
2-dimensional subspace of R®. We could describe it through its unit normal n, which
is also parallel to uxv where u and v are linearly independent vectors in the space
and uxv is the vector cross product. The vector product has the following properties:

® UXV = —vXu

° (/\1111 -+ )\QUQ)XV = /\1111 XV + /\QUQXV

We shall generalize these properties to vectors in any vector space V' — the difference
is that the product will not be a vector in V', but will lie in another associated vector
space.

Definition 12 An alternating bilinear form on a vector space V' is a map B : 'V X
V' — F such that

e B(v,w) =—B(w,v)
[} B()\lvl + )\2?)2, 'UJ) = )\13(?]1,’(1]) -+ )\QB(’UQ,’UJ)

This is the skew-symmetric version of the symmetric bilinear forms we used to define
quadrics. Given a basis {vy,...,v,}, B is uniquely determined by the skew symmetric
matrix B(v;,vj). We can add alternating forms and multiply by scalars so they form
a vector space, isomorphic to the space of skew-symmetric n x n matrices. This has
dimension n(n — 1)/2, spanned by the basis elements E* for a < b where EY = 0 if

{(I, b} 7& {7'7]} and Egll; = _E!()l(? =1

Definition 13 The sccond exterior power A*V of a finite-dimensional vector space
1s the dual space of the vector space of alternating bilinear forms on V. Elements of
A%V are called 2-vectors.
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This definition is a convenience — there are other ways of defining A%V, and for most
purposes it is only its characteristic properties which one needs rather than what its
objects are. A lot of mathematics is like that — just think of the real numbers.

Given this space we can now define our generalization of the cross-product, called the
exterior product or wedge product of two vectors.

Definition 14 Given u,v € V the exterior product u Av € A%V is the linear map to
F which, on an alternating bilinear form B, takes the value

(u Av)(B) = B(u,v).
From this definition follows some basic properties:
e (uAv)(B)= B(u,v) = —B(v,u) = —(v Au)(B) so that

VAU=—UuANv

and in particular u A u = 0.

[} ((/\1U1 + )\2U2> VAN ’U)(B) = B()\lul + /\QUQ,’U) = )\1B(U,1,U) + /\QB(UQ,U) which
implies
(Alul + )\QUQ) NV = )\1U1 AU+ )\QUQ A.

e if {v1,...,v,} is a basis for V then v; A v; for i < j is a basis for A*V.

This last property holds because v; A v;(E*) = Ef and in facts shows that {v; A v;}
is the dual basis to the basis {E£}.

Another important property is:

Proposition 15 Let u € V be a non-zero vector. Then u Av = 0 if and only if
v = Au for some scalar \.

Proof: If v = Au, then

uNv=uA (M) =AuAu)=0.

Conversely, if v # Au, u and v are linearly independent and can be extended to a
basis, but then u A v is a basis vector and so is non-zero. O
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It is the elements of A2V of the form u A v which will concern us, for suppose U C V
is a 2-dimensional vector subspace, and {u,v} is a basis of U. Then any other basis
is of the form {au + bv, cu + dv}, so, using u Au =v Av =0, we get

(au + bv) A (cu + dv) = (ad — be)u A v

(¢ 4)

is invertible ad — be # 0. It follows that the 1-dimensional subspace of A2V spanned
by u A v for a basis of U is well-defined by U itself and is independent of the choice
of basis. To each line in P(V') we can therefore associate a point in P(A?V).

and since the matrix

The problem is, not every vector in A2V can be written as u A v for vectors u,v € V.
In general it is a linear combination of such expressions. The task, in order to describe
the space of lines, is to characterize such decomposable 2-vectors.

Example: Consider v; A vy + v3 A v4 in a 4-dimensional vector space V. Suppose
we can write this as

v1 N\ Uy + V3 Nvg = (CL1U1 + asve + agvs + CL4’U4) N (bl’Ul + bQUQ + b3U3 + b4U4).
Equating the coefficient of vy A vy gives
a162 — CLle =1

and so (a,by) is non-zero. On the other hand the coefficients of vy A v and vy A vy
give

albg—a3b1 =0

a1b4 — a41)1 =0
and since (a1, b1) # 0, bsay—azby = 0. But the coefficient of vgAvy gives agbs—azby = 1
which is a contradiction. This 2-vector is not therefore decomposable. We shall find
an easier method of seeing this by working with p-vectors and exterior products.

4.2 Higher exterior powers

Definition 15 An alternating multilinear form of degree p on a vector space V' is a
map M :V x ... xV — F such that
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o M(up, ... Uy .oy, ty) = —M(Up, .oy Ujy e Uy, Up)

[ ] M()\ﬂ)l + /\QUQ,UQ, Ce ,Up) = >\1M(U1,U2, e ,up) + AQM(UQ,UQ, Ce ,up)

Example: Let uq,...,u, be column vectors in R". Then
M(uy, ..., u,) = det(uqus . .. uy)
is an alternating multilinear form of degree n.
The set of all alternating multilinear forms on V' is a vector space, and M is uniquely

determined by the values
M(’(}il,’l)i2, Ce >Uip)

for a basis {vy,...,v,}. But the alternating property allows us to change the order
so long as we multiply by —1 for each transposition of variables. This means that M
is uniquely determined by the values of indices for

i1<i2<...<ip.

The number of these is the number of p-element subsets of n, i.e. (Z), so this is the
dimension of the space of such forms. In particular if p > n this space is zero. We
define analogous constructions to those above for a pair of vectors:

Definition 16 The p-th exterior power APV of a finite-dimensional vector space is
the dual space of the vector space of alternating multilinear forms of degree p on V.
Elements of APV are called p-vectors.

and

Definition 17 Given uy,...,u, € V the exterior product uy Aua A\ ... Nu, € APV is
the linear map to F which, on an alternating multilinear form M takes the value

(ug Aug Ao oo Auy) (M) = M(uy, ug, . .., up).
The exterior product u; A ug A ... A u, has two defining properties

e it is linear in each variable u; separately

e interchanging two variables changes the sign of the product
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e if two variables are the same the exterior product vanishes.

We have a useful generalization of Proposition 15:

Proposition 16 The exterior product uy Aus A ... Ay, of p vectors u; € V' vanishes
if and only if the vectors are linearly dependent.

Proof: If there exists a linear relation
)\1U1+...)\pup:()

with \; # 0, then w; is a linear combination of the other vectors
U; = Z,ujuj
i
but then
u1/\U/Q/\.../\up:u1/\.../\(ZMjUj)/\UZ‘+1/\.../\Up
J#i
and expand this out by linearity, each term has a repeated variable u; and so vanishes.

Conversely, if uy, ..., u, are linearly independent they can be extended to a basis and
ur Aug A ... A, is a basis vector for APV and is thus non-zero. O

The exterior powers APV have natural properties with respect to linear transforma-
tions: given a linear transformation 7' : V' — W, and an alternating multilinear form
M on W we can define an induced one T*M on V by

T*M(vy,...,vp) = M(Twvy,...,Tv,)
and this defines a dual linear map
APT : APV — APW
with the property that
NPT (v ANvg Ao Avy) =Tog ATva Ao AT,

One such map is very familiar: take p = n, so that A"V is one-dimensional and
spanned by vy Avg A ... Av, for a basis {v1,...,v,}. A linear transformation from a
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1-dimensional vector space to itself is just multiplication by a scalar, so AT is some
scalar in the field. In fact it is the determinant of T'. To see this, observe that

ATy Ao Avy) =Tog Ao AT,

and the right hand side can be written using the matrix 7;; of 1" as

E Ellvil VANPIRAN ﬂnnvin E Ell Znnvll AN Vi, -

Ulsensin Ulsensin

Each of the terms vanishes if any two of iq,...,4, are equal by the property of the
exterior product, so we need only consider the case where (iy, .. .,14,) is a permutation
of (1,...,n). Any permutation is a product of transpositions, and any transposition
changes the sign of the exterior product, so

AnT(Ul VANIAAN Un Z sgn 1TU(2)2 Tg(n)n’Ul VANIVANY %

oESH

which is the definition of the determinant of 7;;. From our point of view the deter-
minant is naturally defined for a linear transformation 7 : V' — V| and what we just
did was to see how to calculate it from the matrix of 7.

We now have vector spaces APV of dimension (Z) naturally associated to V. The

space A'V is by definition the dual space of the space of linear functions on V, so
A'V = V" 2V and by convention we set A°V = F. Given p vectors vy,...,v, € V
we also have a corresponding vector v1 Ava A...Av, € APV and the notation suggests
that there should be a product so that we can remove the brackets:

U AN NANU) NI Ao vg) =ur Ao ANuy, Nog AL
P q P q

and indeed there is. So suppose a € APV, b € A1V, we want to define a A b € APTIV,
Now for fixed vectors uy,...,u, € V,

M (uq,ug, ..., Up, U1, 02, ..., 0)
is an alternating multilinear function of vy, ..., v, so if
> N Ui A A,
J1<...<Jq

then
g )\j1...qu(u17-"7up7vj17"'7vjq)

J1<...<Jq
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only depends on b and not on the particular way it is written in terms of a basis
{v1,...,v,}. Similarly if

a = Z ,uil...ipuil FANRAN U’ip

11<...<ip

then
E /Lil_ul-p]\/[(uil,...,uip,vl,...,vq)

11<...<ip

only depends on a. We can therefore unambiguously define a A b by its value on an
alternating p + ¢-form M as

(@AD)M) = Y pii Mg MWy, v, 0.

11<..<ip;Ji,.-<Jq

The product just involves linearity and removing the brackets.

Example: Suppose a = v1 + vy, b = v1 A vg — v3 A vy, wWith vy, v9,v3 € V then

aNb = (v1+vy)A (v Avg—v3 Avg)

Ul/\Ul/\U3—Ul/\Ug/\U2+U2/\U1AU3—U2AU3/\UQ

= -V ANU3/A\Vy+ V3 ANV Avs

= 1}1/\1}2/\1)3—1)1/\1)2/\’03:0

where we have used the basic rules that a repeated vector from V in an exterior
product gives zero, and the interchange of two vectors changes the sign.

Note that
Uy ANug Ao oAUy Ay Ao oA = (—1)Pop Aug Aug Ao Ay ANvg A Ay

because we have to interchange v; with each of the p u;’s to bring it to the front, and
then repeating

up Aug Ao AUy Ay Ao ANvg = (—D)Pog Ao A vg Aug Aug A A .

This extends by linearity to all a € APV, b € A?V. We then have the basic properties
of the exterior product;

e aN(b+c)=aNnb+alc
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e (aNb)ANc=aN(bAc)

e aNb=(=1)PbANaifa € APV, be NV

What we have done may seem rather formal, but it has many concrete applications.
For example if a =z Ay thenaAa =2 Ay Az Ay =0 because x € V is repeated.
So it is much easier to determine that a = v; A v + v3 A v4 from the Exercise above
is not decomposable:

(UlAU2+U3AU4)/\<01/\7}2+03/\?}4):2U1/\U2/\1)3/\U47é0.

4.3 Decomposable 2-vectors

A line in P(V') defines a point in P(A?V') defined by a decomposable 2-vector
a=xNYy.

We need to characterize algebraically this decomposability, and the following theorem
does just that:

Theorem 17 Let a € A?V be a non-zero element. Then a is decomposable if and
only ifaNa=0¢€ A*V.

Proof: If a =z Ay for two vectors x and y then
aNa=czANyANxzANy=0
because of the repeated factor x (or y).

We prove the converse by induction on the dimension of V. If dimV = 0,1 then
A%V = 0, so the first case is dimV = 2. In this case dimA?V =1 and v; A vy is a
non-zero element if vy, v is a basis for V', so any a is decomposable.

We consider the case dimV = 3 separately now. Given a non-zero a € A2V, define
AV — A3V by
A(v) =a Av.

Since dim A3V = 1, dimker A > 2, so let u;, us be linearly independent vectors in the
kernel and extend to a basis uy, us, ug of V. We can then write

a = AU A us + Aaus A up + Azug A us.
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Now by definition 0 = a A u; = A\jus A uz A up so Ay = 0 and similarly 0 = a A us
implies Ay = 0. It follows that a = A3u; A uy, which is decomposable.

Now assume inductively that the theorem is true for dim V' < n — 1 and consider the

case dim V' = n. Using a basis vy, ..., v,, write
n
a = Z Q35 A\ (%
1<i<j

n—1 n—1

= (Z amvi) N Up + Z a5 A (%
i=1 1<i<j

= ulAv,+d

where v € U and o' € A*U and U is the (n — 1)-dimensional space spanned by
ViyeooyUp—1.

Now
O=aNa=uAv,+d)N(uhv,+d)=2uNd Nv,+ad Nd.

But v,, doesn’t appear in the expansion of u A a’ or a’ A a’ so we separately obtain
uAa =0, a ANd =0.
By induction a’ A ' = 0 implies a’ = u; A us and so the first equation reads
uANug Aug =0
which from Proposition 16 says that there is a linear relation
A+ pug + peus = 0.

If A =0, then u; and usy are linearly dependent so a’ = u; A us = 0. This means that
u = u A v, and is therefore decomposable. If A # 0, u = Aju; + Aguq, SO

a:)\lul/\vn+)\2u2/\vn+u1/\u2

and this is the 3-dimensional case which is always decomposable as we showed above.

We conclude that a, in each case, is decomposable. O
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4.4 The Klein quadric

The first case where we can apply Theorem 17 is when dim V' = 4, to describe the
projective lines in the 3-dimensional space P(V). In this case dim A*V = 1 with a
basis vector vg A vy A vs A vy if V' is given the basis vy, ..., vs.

For a € A?V we write
a = Mg A vy + Aavg A Vg 4+ A3vg A U3 + f1U3 A vg + otz A vy + psvp A vy
and then a A a = B(a,a)vg A vq A vy A vg where
B(a,a) = 2(A1p1 + Agpiz + Asps) (8)

This is a non-degenerate quadratic form, and so B(a,a) = 0 defines a nonsingular
quadric Q C P(A%V). Moreover, any other choice of basis rescales B by a non-zero
constant and so ) is well defined in projective space.

We see then that a line ¢ C P(V') defines a decomposable 2-vector a = z A y, unique
up to a scalar and since a A a = 0, it defines a point L € Q C P(A?V). Conversely,
Theorem 17 tells us that every point in () is represented by a decomposable 2-vector.
Hence

Proposition 18 There is a one-to-one correspondence { « L between lines { in
a 3-dimensional projective space P(V') and points L in the 4-dimensional quadric

Q C P(A?V).

It was Felix Klein (1849-1925), building on the work of his supervisor Julius Pliicker,
who first described this in detail and @ is usually called the Klein quadric. The
equation of the quadric in the form (8) shows that there are linear subspaces inside
it of maximal dimension 2 whatever the field. The linear subspaces all relate to
intersection properties of lines in P(V'). For example:

Proposition 19 Two lines (1,0, C P(V) intersect if and only if the line joining the
two corresponding points Ly, Lo € Q) lies entirely in Q).

Proof: Let U;,U; C V be the two-dimensional subspaces of V' defined by ¢;, (5.
Suppose the lines intersect in X, with representative vector u € V. Then extend to
bases {u, u; } for Uy and {u, us} for Uy. The line in P(A?V) joining L; and L, is then
P(W) where W is spanned by u A u; and u A us.
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Any 2-vector in W is thus of the form
)\17,1, VAN U1l + )\gu N U2 = U A ()\1’&1 + )\QU,Q)
which is decomposable and so represents a point in ().

Conversely, if the lines do not intersect, Uy N Uy = {0} so V' = U; @ Us. In this case
choose bases {uy,v1} of Uy and {ug, vo} of Uy. Then {uy, vy, us, vo} is a basis of V'
and in particular u; A vy A ug A ve # 0. A point on the line joining L;, Lo is now
represented by a = A\ju; A vy + A A v9 so that

aa=2 A u; Avi Aus A vy

which vanishes only if A\; or Ay are zero. Thus the line only meets () in the points L
and LQ. O

Now fix a point X € P(V') and look at the set of lines passing through this point:

Proposition 20 The set of lines £ C P(V') passing through a fized point X € P(V)
corresponds to the set of points L € (Q which lie in a fized plane contained in Q).

Proof: Let = be a representative vector for X. The line P(U) passes through X if
and only if x € U, so P(U) is represented in the Klein quadric by a 2-vector of the
form

T A u.

Extend x to a basis {z, v, vs,v3} of V, then any decomposable 2-vector of the form
x Ay can be written as

T A (px + Avp + Agvg + Agv3) = M A vg + Ao A vg + A3z A 3.

Thus any line passing through X is represented by a 2-vector in the 3-dimensional
space of decomposables spanned by x A vy, x A vg, x A v3, which is a projective plane
in (). Conversely any point in this plane defines a line in P(V') through X. O

A plane in @) defined by a point X € P(V) like this is called an a-plane. There are
other planes in Q:

Proposition 21 Let P(W) C P(V) be a plane. The set of lines ¢ C P(W) corre-
sponds to the set of points L € Q) which lie in a fized plane contained in Q).
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A plane of this type contained in @ is called a G-plane.

Proof: We just use duality here: if U C V is 2-dimensional, then its annihilator
U C V'is 4 — 2 = 2-dimensional, so there is a one-to-one correspondence between
lines in P(V') and lines in P(V’). A point in @ therefore defines a line in either the
projective space or its dual. Now the dual of the set of lines passing through a point
is the set of lines lying in a (hyper)-plane. So applying Proposition 20 to P(V") gives
the result. a

In fact there are no more planes:

Proposition 22 Any plane in the Klein quadric QQ is either an a-plane or a (3-plane.
Proof: Take a plane in ) and three non-collinear points Ly, Lo, L3 on it. We get
three lines ¢y, 05,03 in P(V). Since the line joining L; to Lo lies in the plane and
hence in @), it follows from Proposition 19 that each pair of ¢y, {5, /3 intersect. There

are two possibilities:

e the three lines are concurrent:

e the three lines meet in three distinct points:

In the first case the three lines pass through a single point and so L1, Lo, L3 lie in an
a-plane. But this must be the original plane since the three representative vectors
for Ly, Lo, L3 are linearly independent as the points are not collinear.
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In the second case, if uq,us,us3 are representative vectors for the three points of
intersection of ¢, f5, (3, then Lq, Lo, Ls are represented by us A us, uz A uq, up Aug. A
general point on the plane is then given by

)\1’LL2 N usg + )\2U3 N up + )\1@63 N Uy
which is a general element of AU where U is spanned by w, us, us. Thus ¢;, ls, {5 all

lie in the plane P(U) C P(V). O

The existence of these two families of linear subspaces of maximal dimension is char-
acteristic of even-dimensional quadrics — it is the generalization of the two families of
lines we saw on the “cooling tower” quadric surface. In the case of the Klein quadric,
two different a-planes intersect in a point, since there is a unique line joining two
points. Similarly (and by duality) two 3 planes meet in a point. An a-plane and a 3
plane in general have empty intersection — if X is a point and 7 a plane with X ¢ 7,
there is no line in m which passes through X. If X € 7, then the intersection is a line.

4.5 Exercises

1. If a € APV and p is odd, show that a A a = 0.

2. Calculate a A b in the following cases:

[ a:b:vl/\v2+vg/\v3+v3/\v1
OCL:U1/\’U2—|—U3/\’U1, b:’UQ/\Ug/\U4

OCL:U1+U2+U3, b:vl/\vg—i-vz/\vg—i—vg/\vl.

[v1, 2, V3,4 are linearly independent|

3. Which of the following 2-vectors is decomposable?

® Uy AUy + Uy A U3
® Uy AUy + Uy AUg+ U3 AUy

® U AUy + vy Avg + U3 Avg+ vy Ay
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[v1, V9, V3,04 are linearly independent]
4. If dim V = n shown that every a € A" 'V is decomposable.

5. Let £ C P(V) be a line and m another such that the corresponding point M € @
lies on the polar hyperplane to L € (). Show that ¢ and m intersect.
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5 What is geometry?

5.1 The Erlanger Programm

Felix Klein moved on from his work on the Klein quadric and moved on physically
from Bonn where he had been a student. Dodging the Franco-Prussian war in 1870 he
passed through Paris, went briefly to Gottingen and then to Erlangen, near Nurem-
berg, in the south of Germany.

He prepared for his inaugural address in 1872 in Erlangen a paper which gave a very
general view on what geometry should be regarded as. It was somewhat controversial
at the time and in fact he spoke on something different for his lecture, but the point
of view is still called the Erlanger Programm. Klein saw geometry as:

the study of invariants under a group of transformations.

This throws the emphasis on the group rather than the space, and was highly influ-
ential in a number of ways. Recall

Definition 18 An action of a group G on a set Q) is a homomorphism f : G —
Sym(§2) to the group of all bijections of §) to itself.

So for Klein, we have a set, say R?, and a group acting on it. For Euclidean geometry
the group is the group of all transformations of the form

r— Ax+b
where A is an orthogonal transformation and b € R2. This does form a group since

AAz+V)+b=AAx+ AV +b.
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Every element in the group is the composition of a rotation or reflection x — Ax and
a translation x — x +b. So Pythagoras’ theorem is a theorem of Euclidean geometry
because if this is true:

S0 is this:

and this:

There are other groups that act on R2?, though, and each of these gives rise to a
different geometry. For example if we look at transformations

r— Ax +b

where A is just invertible and not orthogonal (this is called an affine transformation)
then even the statement of Pythagoras’s theorem is not invariant — a right angled
triangle can be taken to any other triangle by an affine transformation. Even more
interesting is the case of the hyperbolic plane, which we shall look at later. In fact
it was the study of this, and Klein’s realization that both Euclidean and hyperbolic
geometry are special cases of projective geometry, which led him to formulate his
proposal. We have to realize that in the early 19th century, as for most preceding
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centuries, Euclidean geometry had a special status, bound up with the logical struc-
ture of deductions from a set of axioms. Seeing it as just one of many geometries was
as radical as Copernicus saying that the earth goes round the sun and not vice-versa.

The group that plays Klein’s role for projective geometry is the group of projective
transformations 7 : P"(F) — P"(F). Such a 7 is defined by an invertible linear
transformation T : F"*! — F™*l where we identify 7" and AT. Some names now:

Definition 19 The group of all invertible linear transformations T : F" — F™ is
called the general linear group GL(n, F').

Definition 20 The group of all invertible linear transformations T : F™ — F™ whose
determinant is 1 is called the special linear group SL(n, F).

Definition 21 The projective linear group PGL(n, F) is the quotient of GL(n, F)
by the normal subgroup of non-zero multiples of the identity, and is the group of all
projective transformations of P"1(F) to itself.

All the theorems we have proved so far are invariant under the projective linear group,
but they have all been about lines, planes intersections etc. — just set-theoretical
properties about linear subspaces. When Klein spoke about invariants he also meant
numerical quantities, such as in Euclidean geometry the distance between two points
x,y € R%:
|(Az +b) — (Ay + )| = |[A(z —y)| = |z —yl.

In projective geometry there is no invariant distance. Indeed Theorem 3 tells us that
there is a projective transformation that takes any two distinct points to any other
two. There are nevertheless more complicated invariants as we shall see next.

5.2 The cross-ratio

We shall deal with the geometry of the projective line P'(F) and the action of the
group PGL(2, F). We know from Theorem 3 that any three points go into any other
three, but this is not the case for four points. There is a numerical invariant called
the cross-ratio:

Definition 22 Let P;, P, P35, Py be four distinct points on the projective line P1(F),
with homogeneous coordinates P; = [x;,y;]. The cross-ratio is defined by

(11y3 — 3y1) (T2ys — TaYo)

PPy, P3P,) = .
( B 4) (95194 —x4y1)(:c2y3 —$3y2)
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First note that multiplying (x;,y;) by A; # 0 introduces the same factor in the nu-
merator and denominator and leaves the formula for the cross-ratio unchanged. This
shows it is well-defined. Similarly note that the linear transformation

()= (00 ()

(azy + byy)(cxe + dys) — (azs + bys)(cx1 + dyy) = (ad — be)(z1y2 — x2y1).

transforms x1ys — xay; to

Again the factors in numerator and denominator cancel. We deduce that

e the definition of cross-ratio is independent of the choice of basis in which to
write the homogeneous coordinates

o if 7: P(U) — P(V) is a projective transformation between two projective lines
then
(T(PL)T(P2); 7(P3)T(Fy)) = (PLPy; P3FBy).

A particular case is projection from a point in the plane:

In the diagram, (bd;cg) = (B D;C Q).

If none of the y; in the definition of cross-ratio is zero, then we can write it in terms
of the scalars z; = z;/y; and obtain

(21 — 23)(22 — 24) (9)

(zl 295 23 24) = (Zl _ 24)(22 — 23)

Even when one of y; is zero, an intelligent use of oo gives the correct results, for
example if y; = 0, then the definition (22) provides
Y3(Tays — Taya)  z2— 2

(00 29; 23 24) = =
y4(x2y3 - $3y2) Rz — 23
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whereas the formula (9) gives

(00 — 23)(22 — 24)
00 — 24)(22 — 23)

(00 29; 23 24) =

On feature of the cross-ratio is the fact that you need to get the order right! Here
(check for yourself the formulae) is what happens when you permute the variables:

o (P Py; P3P,) = (PP Py P3) = (P3Py; P Ps)
o (PP PPy = (P1P2;P3P4)_1
o (P Ps; PoP)) =1— (P Py PsPy)

Now, in the terminology of (9),
(c00;12) =2

and so, since we assumed the four points were distinct, we see that x # 0, 1. But we
have seen that there is a unique projective transformation 7 that takes P;, P, P53 to
00,0,1 so

(PyPy; PsPy) = (1(Py)7(Py); 7(P3)T(Fy)) = (00 0; 1 7(Py))

and thus any cross-ratio avoids the values 0, 1. If we go through all the permutations
of the four variables then in general we find the following six possible values of the
cross-ratio:

1 1 1 x
x, ™ 1- x, ) ™ .
T 11—z r x-—1
There is a special case when these coincide in pairs: if © = —1,2 or 1/2 and this

particular configuration of points has a name:

Definition 23 The points Py, P», P3, Py are harmonically separated if the cross-ratio
(P1P2;P3P4) = —1.

Remark: There is some value in seeing the cross-ratio as a point in the projective
line P*(F)\{0, 1, 00}. We have seen that the symmetric group Ss of order 6 permuting
{0,1, 00} acts as projective transformations of P'(F') to itself. The six values of the
cross-ratio then constitute an orbit of this action.
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5.3 Affine geometry

One of the features which motivated Klein was the fact that different types of ge-
ometry were special cases of projective geometry, and simply involved restricting the
group. Affine geometry is a case in point. Consider a hyperplane P(U) in a pro-
jective space P(V) and the subgroup of the group of projective transformations of
P(V) to itself which takes P(U) to itself. The complement P(V)\P(U) is acted on
by this group and is called an affine space. Basically it is just a vector space without
a distinguished origin, but it is the group which determines the way we look at it.

To get a hold on this, consider choosing a basis such that in homogeneous coordi-
nates [zo, ..., x| the hyperplane in P"(F) is defined by xg = 0. Then a projective
transformation 7 which maps this to itself comes from a linear transformation 7" with
matrix of the form

* ¥ X X X
* % % * O
* ¥ ¥ *x O
* ¥ % *x O

and we can unambiguously choose a representative for T by taking Tog = 1. The
action of the subgroup of GL(n + 1, F') defined by these matrices on P"(F)\P" (F)
which we identify with F™ as usual by

(X1, T2, ... xn) — [L g, ..o, 2y
is of the form
r+— Ax +b

where A € GL(n,F) and b € F". The group of such transformations is called the
affine group A(n, F).

Example: The simplest affine situation is the real affine line, which is just R with
the group of transformations
r—ar+0b

with @ # 0. The cross-ratio, which is a projective invariant of four points in P(R)
give an affine invariant of three points, since A(1,R) is the subgroup of PGL(2,R)
which preserves the single point oo € P'(R). We have

T — T3

(OO T1;T2 903) =
1 — T2
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so if 1 < xy < x3 the proportion in which z, divides the segment [z, 3] is the
affine invariant (z; 0o;xex3). The special value 1/2 (the concept of “harmonically
separated” in projective geometry corresponds to the midpoint of the segment. So
although there is no invariant notion of distance, we retain the notion of proportion-
ality.

In higher dimensions, the centre of mass of m points x1,...,z,, € R"

_ 1
T=—(@+...+Tp)
m
is a well-defined affine concept since

1
—(Azy +b+ ...+ Az, +b) = AZ + b
m

5.4 (Gaussian optics

One application of this group-theoretical way of looking at geometry is in the simplest
model of optical systems — those which have an axis of symmetry. If we track the effect
on light rays which lie in a plane through that axis, then we have a 2-dimensional
problem but with an extra symmetry — if the system was originally axially symmetric,
and in R? the z-axis is the axis of symmetry, then the effect on light rays must be
symmetric with respect to the reflection in the z-axis

($? y) = ($7 _y)'
To model optics this way we map R? into P*(R) by
(z,y) = [1,2,9]

and the we consider first the subgroup of projective transformations which commutes
with the reflection in the z-axis:

(.’,UO, Z, Ig) = (x07 xy, _'IQ)
These are given by linear transformations 7" whose matrix is of the form

0
0
*

O ¥ %
O * %

(oW

We can choose Ty, = 1, but now we need also the input of the physics. This tells
us that the 2 x 2 matrix 7;;, 0 < 7,5 < 1 must have determinant 1. This is part

61



of what is called symplectic geometry which underlies many physical theories. So
Gaussian optics can be put into geometrical form by considering an action of the

group SL(2,R).

Note how the matrix in SL(2,R)
a b
c d
ar+b 1

(z.9) = <cx +d’ cr+ d)

so the axis of the system is treated as a projective line and the group acts as projective
transformations. This is necessary because the image of a point on the axis through
the action of a lens may be “at infinity”: that point is called the focal point. From the
point of view of projective geometry all those parallel light rays from infinity are the
lines passing through the intersection of the x-axis with the line at infinity, the point
[0,1,0], and the projective transformation takes them to the lines passing through
the focal point.

acts:

So let us consider the effect of a thin symmetric lens at the origin on objects on the
optical axis. It is given by an element 7" € SL(2, R) which acts on the = axis as the
projective transformation 7. If the focal point is (z,y) = (—f,0) then

T(c0) = —f.
Because the lens is symmetric
7 (o0) = f.
Light rays at the origin go straight through so
7(0) = 0.

The projective transformation of the line is is uniquely determined by this action on
three points, and we easily find

—fx
r—f
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An object at x = o then has image at x = —i where

THIN LENS OPTICS

—i—f———0 — |

e
AXIS

PLANE

i
Magnification = - —
0

The group of projective transformations of the line PGL(2,R) is obtained by the
quotient of GL(2,R) by the scalar matrices. In SL(2, R) those scalars are just {1},
so we just need to choose a sign to get 1"

T:i(—ll/f (1))'

Find out which it is!

5.5 Non-Euclidean geometry

The group SL(2,R) acts on other spaces than P!(R) or the optical space above,
and if we study its invariants then we return to something close to the FKuclidean
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geometry of the plane but also something essentially different, which is nowadays
called hyperbolic geometry, or when it was first discovered Non-FEuclidean geometry. A
real matrix is a special type of complex matrix, so the group PGL(2,R) is a subgroup
of PGL(2,C) and so acts on the complex projective line P'(C). It preserves the copy
of PY(R) C P'(C) given by points with real homogeneous coordinates [z, z1], but
we want to consider instead the complement of this subset. Since oo = [1,0] is real,
then
PHC)\P'(R) C P'(C)\{oo}

and is C\R. This has two components, the upper and lower half-planes. An el-
ement of PGL(2,R) may interchange these two (e.g. z +— —z) but the subgroup
PSL(2,R) = SL(2,R)/{£1} preserves each one. We choose the upper one H. In

fact the group acts transitively on H for the Mobius transformation
zr—az+b

takes i to ai + b, and if a > 0, the transformation is defined by the 2 x 2 matrix
(o
Va\0 1

We can define an invariant function of a pair of distinct points in H using the cross-
ratio:

which has determinant 1.

(zw;w Z).
Since z and w are in the upper half-plane z and w are in the lower half-plane so

if z # w the four points z,w,w,z are distinct and the cross-ratio is well defined.
Spelling it out we get

(z—w)(w—2) |z — w|?

(zw;wz) =

S

(z—2)(w—w) 4329

which is positive, since &z and Sw are positive. It is also symmetric in w and z. We
shall use this to define a notion of the distance between z and w, but first note that
we can allow w = z in the cross-ratio (z w;w z) because

N s
(z2;22) = 5.5, = 1.

Definition 24 Let z, w be two points in the upper half plane. The hyperbolic distance

between z and w 1s
d(z,w) = 2sinh™ ' \/(zw; W 2).
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This is clearly invariant under the action of PSL(2,R). The particular analytical
formula shows that if z = iz, w = iy are imaginary points in H with x > y then

1/2
g @y (e /_@)“2
Ay Y x

d(iz,iy) = logx — logy (10)

o/2

so that

This notion of distance has the following property:

Proposition 23 Let z1, 2o and wq,ws be pairs of distinct points in the upper half
plane and suppose that d(z1,z9) = d(wy,ws). The there is a unique element T €
PSL(2,R) such that 7(z;) = w; fori=1,2.

Proof: Consider z1, 29, Z5. These are distinct because z; # 2z, and Z, is in the lower
half plane. By Theorem 3 there is a unique complez projective transformation 7 such
that

T(z1) = wy, 7T(22) =wq, T(2Z3)= wWo.

By projective invariance
(2122 22 21) = (7(21) T(22); 7(22) 7(21)) = (w1 wo; Wa 7(21))
However, d(z1, z9) = d(w,ws) so
(w1 wo; wa T(21)) = (21 22; 22 21) = (w1 wo; Wa W1 )

and thus 7(z;) = w;. We then have

T(z1) =7(21), T(%)="T(2)
i.e. two solutions in the lower half-plane to the equation

az+b_az+5
cz+d ez4d

(11)
This is quadratic with imaginary coefficients:

(ac — ac)z® + (be — be + ad — ad)z + (bd — bd) = 0
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which either vanishes identically or has conjugate roots. But since the imaginary part
of both roots is negative, it must vanish. Thus (11) is identically true. This means
that

and |A| = 1, so A = €. It follows that

—i0 a b
()

is real. Its determinant must be positive since it maps z; in the upper half plane to
wy in the upper half plane. Thus rescaling we get an element in SL(2,R). O

We noted above that PSL(2,R) acts transitively on the upper half plane H. The
theory of group actions tells us that there is a bijection

G/K —< H

from the space of cosets G/K of the subgroup K which fixes a point xy € H. The
map is just gK +— g - x9. In our case, if we take xqg = ¢, then K is the group of

transformations

cosfz +sinf
2

—sinfz + cos 0

which is isomorphic by 6 — €?* to the group of unit complex numbers.

Klein’s point of view then says that the geometry of the upper half plane is basically
the study of the invariants of this space of cosets. It offers the opportunity to view
this geometry in a different way — to find another space on which PSL(2,R) acts
transitively with the same stabilizer K. We look at such a space next.

We consider the space of quadrics in the projective line P'(R). By this, we mean
the real projective plane defined by the 3-dimensional real vector space of quadratic
forms

B(v,v) = axj + broz; + cx?

on R2. The singular ones are given by the equation
b —dac=0
which, when we write it as

b? — (a+c)’ + (a—c)?
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is clearly a non-empty non-singular conic in P?(R). We consider the subset D C
P?(R) defined by
D = {[a,b,c] € P*(R) : b* — 4ac < 0}.

Ifa+c=0,0%—4ac = b*+ (a —c)> > 0 so D lies in the complement of the line
a+c=0in P?(R) and we can regard D as the interior of the circle (b/(a + ¢))* +
((a —¢)/(a+¢))*> =1 in R% The group PGL(2,R), and its subgroup PSL(2,R),
acts naturally on this space of quadrics.

Now when b? — 4ac < 0, a # 0 and the quadratic equation az? + bx + ¢ = 0 has
complex conjugate roots z, Z, one of which, say z, must be in the upper half plane.
The quadratic form factorizes as a(zg — zx1)(xo — Zz1). Conversely any z € H defines
a point in D by (xg — zx1)(zo — Zx1). We therefore have a bijection

F:H—D

commuting with the action of PSL(2,R). This means that the geometry of D, the
interior of a conic in P?(R), is identical to that of H, the upper half plane. Historically,
H is called the Poincaré model and D the (Klein)-Beltrami model. Each one has its
distinct advantages.

How do we define distance in the Beltrami model? Two points X,Y € D define two
quadrics and we take the pencil of quadrics generated by them — the unique projective
line in P?(R) which joins them. This meets the conic in two points A and B — the
two singular conics in the pencil. So we have four points on a line and we have an
invariant, the cross-ratio.

To see how this relates to the hyperbolic distance, we need only consider z,w as
imaginary because of Proposition 23 and (10) which shows that any distance can
be realized by imaginary points in H. So if z = ix,w = iy, the two points X =
F(iz),Y = F(iy) in D are the quadrics

To + 1w, x5 4yl
and the pencil generated by them is
Nag +a?z}) + p(ag +y°at) = (A + p)ag + (Ma? + py?)d.

With [\, u] as homogeneous coordinates on this line in P%(R) we have X = [1,0],Y =
[0,1] and the two singular quadrics occur when A + = 0 and Az? + py? = 0. So
A =[1,-1],B = [y? —*]. Thus the cross-ratio

(YX; AB) = 2% /y*.
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From (10) we see that in this model

d(X,Y) = %log (XY; AB)| (12)

5.6 The parallel postulate

For centuries, Euclid’s deduction of geometrical theorems from self-evident common
notions and postulates was thought not only to represent a model of the physical space
in which we live, but also some absolute logical structure. One postulate caused some
problems though — was it really self-evident? Did it follow from the other axioms?
This is how Euclid phrased it:

“That if a straight line falling on two straight lines makes the interior angle on the
same side less than two right angles, the two straight lines if produced indefinitely,
meet on that side on which the angles are less than two right angles”.

Some early commentators of Euclid’s Elements, like Posidonius (1st Century BC),
Geminus (1st Century BC), Ptolemy (2nd Century AD), Proclus (410 - 485) all felt
that the parallel postulate was not sufficiently evident to accept without proof.

Here is a page from a medieval edition of Euclid dating from the year 888. It is
handwritten in Greek. The manuscript, contained in the Bodleian Library, is one of
the earliest surviving editions of Euclid.
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The controversy went on and on; here is the Islamic mathematician Nasir al-Din
al-Tusi (1201-1274)
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struggling with the parallel postulate:

Finally Janos Bolyai (1802-1860) and Nikolai Lobachevsky (1793-1856)

discovered non-Euclidean geometry simultaneously. It satisfies all of Euclid’s axioms
except the parallel postulate, and we shall see that it is the geometry of H or D that
we have started to look at.
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Bolyai became interested in the theory of parallel lines under the influence of his
father Farkas, who devoted considerable energy towards finding a proof of the parallel
postulate without success. He even wrote to his son:

“I entreat you, leave the doctrine of parallel lines alone; you should fear it like a
sensual passion; it will deprive you of health, leisure and peace — it will destroy all joy
n your life.”

Another relevant figure in the discovery was Carl Friedrich Gauss (1777-1855)

who was the first to consider the possibility of a geometry denying the parallel pos-
tulate. However, for fear of being ridiculed he kept his work unpublished. When he
read Janos Bolyai’s work he wrote to Janos’s father:

“If I commenced by saying that I must not praise this work you would certainly be
surprised for a moment. But I cannot say otherwise. To praise it, would be to praise
myself. Indeed the whole contents of the work, the path taken by your son, the results
to which he is led, coincide almost entirely with my meditations, which have occupied
my mind partly for the last thirty or thirty-five years.”

Yes, well..... he would say that wouldn’t he?

Euclid’s axioms were made rigorous by Hilbert. They begin with undefined concepts
of
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° Llpoint”
° C(line”
e ‘“lie on” ( a point lies on a line)
e “betweenness”

13 : : 7
e “congruence of pairs of points

e “congruence of pairs of angles”.

Euclidean geometry is then determined by logical deduction from the following ax-
ioms:

EUCLID’S AXIOMS

I. AXIOMS OF INCIDENCE
1. Two points have one and only one straight line in common.
2. Every straight line contains a least two points.
3. There are at least three points not lying on the same straight line.
II. AXIOMS OF ORDER
1. Of any three points on a straight line, one and only one lies between the other two.

2. If A and B are two points there is at least one point C' such that B lies between
Aand C.

3. Any straight line intersecting a side of a triangle either passes through the opposite
vertex or intersects a second side.

III. AXIOMS OF CONGRUENCE

1. On a straightline a given segment can be laid off on either side of a given point
(the segment thus constructed is congruent to the give segment).

2. If two segments are congruent to a third segment, then they are congruent to each
other.

3. If AB and A’B’ are two congruent segments and if the points C' and C’ lying on
AB and A’ B’ respectively are such that one of the segments into which AB is divided
by C is congruent to one of the segments into which A’B’ is divided by C”, then the
other segment of AB is also congruent to the other segment of A'B’.
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4. A given angle can be laid off in one and only one way on either side of a given
half-line; (the angle thus drawn is congruent to the given angle).

5. If two sides of a triangle are equal respectively to two sides of another triangle,
and if the included angles are equal, the triangles are congruent.

IV. AXIOM OF PARALLELS

Through any point not lying on a straight line there passes one and only one straight
line that does not intersect the given line.

V. AXIOM OF CONTINUITY

1. If AB and C'D are any two segments, then there exists on the line AB a number
of points Ay, ..., A, such that the segments AA;, A1 A, ..., A, 1A, are congruent to
CD and such that B lies between A and A,

The main property of hyperbolic geometry we have not introduced is the notion of a
line. This is easiest in the Beltrami model — it is just the intersection of a projective
line in P?(R) with the interior D of the conic. This obviously does not satisfy the
parallel postulate:

-

In the Poincaré model we find:

Proposition 24 In the upper half plane, a line is either a half-line parallel to the
mmaginary axis, or a semi-circle which intersects the real axis orthogonally.
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Hyperbolic Lines

Proof: The map F': H — D is defined in homogeneous coordinates by
z [1,—(2 + 2), 27]

so since a line in the Beltrami model is given by a projective line agzg+ a1 + s =
0, in the upper half plane this is

agp—aq(z+ 2) + azzz = 0.

If gy = 0 this is a line of the form ax 4+ b =0, i.e. x = constant, which for y > 0 is a
half-line parallel to the y-axis. Otherwise it is the intersection of the circle

(2 + %) — 2012+ 9 =0
with D, and this is of the form
(z—a)’+y*=c

which is a circle centred at the point (a,0) on the z-axis, as required. O

Remark: Note that from (10) that ix, iy, iz lie on a hyperbolic line and if x > y > =
then

d(x,z) =logz —logz =logx — logy + logy — log z = d(x,y) + d(y, 2) (13)

But there is a unique line through any two points, from the Beltrami model. It follows
from Proposition 23 that there is an element of PSL(2,R) which takes any line to
any other and so (13) holds for any line.
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The fact that hyperbolic geometry satisfies all the axioms except the parallel postulate
is now only of historic significance and the reader is invited to do all the checking.
Often one model is easier than another. Congruence should be defined through the
action of the group PGL(2,R). We mentioned that this has a natural action on D and
not just its index 2 subgroup PSL(2,R). On H we have to add in transformations
of the form

azZ+b

cz+d
with ad — bc = —1 to get the action of PGL(2,R).

Z —

Finally we should point out the link with the Geometry of Surfaces course. The upper
half plane has a Riemannian metric, a first fundamental form, given by

2 2
dx ;—2 dy (14)
This is just a rescaling of the flat space fundamental form dx? 4 dy? by the positive
function y~2. This affects the lengths of curves but not the angles between them.
In the coordinates z,y of H, angles between curves as measured by the metric (14)
are just Euclidean angles. We say then that the metric is conformally flat. In the
Beltrami model, we have affine coordinates in which the lines of the hyperbolic ge-
ometry become straight lines. In fact, the geodesics of the metric (14) are either
half-lines parallel to the imaginary axis, or semi-circles which intersect the real axis
orthogonally. In this case we say that the metric is projectively flat. The hyperbolic
distance between two points is the metric distance, and then it follows that the basic
axioms of a metric space hold for d(z, w).
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